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Y Aneural network predicts... with no guarantee

examples learn neural predict |y = an answer that is
(x1,01)5 -+ -5 (XnsYn) network probably right

» From the previous lecture: deep learning (DL) generalises from examples
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Y Aneural network predicts... with no guarantee

examples learn neural predict |y = an answer that is
(x1,01)5 -+ -5 (XnsYn) network probably right

» From the previous lecture: deep learning (DL) generalises from examples

» No guarantee on any individual answer: an obvious rule can be violated
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Y Aneural network predicts... with no guarantee

predict |y = an answer that is

examples learn neural
probably right

(Xt,91)5 -+ (XnsYn) network

» From the previous lecture: deep learning (DL) generalises from examples
» No guarantee on any individual answer: an obvious rule can be violated

» No explicit knowledge to inspect or to correct
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> Asolver guarantees... if you give it the rules

explicit rules generic reason
(a model) solver

> Automated reasoning derives certain consequences

a correct solution
+ a proof (optimum,
or “impossible”)
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> Asolver guarantees... if you give it the rules

a correct solution
+ a proof (optimum,
or “impossible”)

explicit rules generic reason
(a model) solver

> Automated reasoning derives certain consequences

» The price: you must write the knowledge down, and the computation can be long
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> Asolver guarantees... if you give it the rules

. . a correct solution
explicit rules generic reason :
+ a proof (optimum,
(a model) solver - {47
or “impossible”)

> Automated reasoning derives certain consequences
» The price: you must write the knowledge down, and the computation can be long

» What if the rules are unknown or fuzzy (biology, chemistry, medicine)?
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» Canwe learn and guarantee?

A The formalisms of reasoning
B Alittle complexity

—\
| learn
A —

C How solvers reason + demo

D Neuro-symbolic: definitions
reason

— break —

E Case study: protein design

F Learning the rules: Effie

G Proofs and certificates

H Limits and take-home messages

Landmark: the dot at the bottom of each slide shows the current part.
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> A. From symbols to a function, and questions about it

> Asymbol, a fact, a variable

> Facts interact: a global function

> Reasoning means querying it, with

guara ntees

> Alanguage to describe it: SAT, CP,
costs, probabilities

learn

Can we learn and guarantee?
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> Asymbol denotes a fact, a variable carries its value

value
true or false

a fact

name it evaluate it

variable xa

“gene A
is expressed”
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> Asymbol denotes a fact, a variable carries its value

value
true or false

a fact

name it evaluate it

variable xa

“gene A
is expressed”

» The symbol is arbitrary; what matters is the fact it denotes
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> Asymbol denotes a fact, a variable carries its value

value
true or false

a fact

evaluate it

name it

variable xa

“gene A
is expressed”

» The symbol is arbitrary; what matters is the fact it denotes

» o«

> Elsewhere: “cell (1, 1) holds a 5, “reaction r takes place”, “position 17 carries a

leucine”
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> Asymbol denotes a fact, a variable carries its value

a fact

name it evaluate it

“gene A
is expressed”

variable xa

value
true or false

» The symbol is arbitrary; what matters is the fact it denotes

> Elsewhere: “cell (1, 1) holds a 5, “reaction r takes place”, “position 17 carries a
leucine”

» One fact = one variable: this is the step from the world to the model
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» Many interacting facts: a global property

metabolite M”

(o)
@"@ % global property
“the pathway produces
cal

f(xa, ..., xe) € {true, false}
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» Many interacting facts: a global property

metabolite M”

@‘ @ global property
@ ‘ “the pathway produces
f(xa, ..., xe) € {true, false}

» nfacts = 2" possible states of the system
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» Many interacting facts: a global property

@ e global property

“the pathway produces

@ e metabolite M”

f(xa, ..., xe) € {true, false}

» nfacts = 2" possible states of the system
» The global property is a function: to each state it assigns true or false
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» Many interacting facts: a global property

@ @ global property
“the pathway produces
@ a metabolite M”

f(xa, ..., xe) € {true, false}

» nfacts = 2" possible states of the system
» The global property is a function: to each state it assigns true or false
> Everything reads off it: f = g, the formulas are equivalent (f < g); f < g everywhere, f

entails g (f = g)
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) Reasoning means querying this function — with guarantees

Can it be true? satisfiability
Is it always true? validity, proof
In which states? enumeration
What is its average value? counting
What is enough to make it true? prime implicants
What necessarily follows from it? prime implicates
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) Reasoning means querying this function — with guarantees

Can it be true? satisfiability
Is it always true? validity, proof
In which states? enumeration
What is its average value? counting
What is enough to make it true? prime implicants
What necessarily follows from it? prime implicates

» Automated reasoning answers with guarantees: the answer is proved, not estimated
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) Reasoning means querying this function — with guarantees

Can it be true? satisfiability
Is it always true? validity, proof
In which states? enumeration
What is its average value? counting
What is enough to make it true? prime implicants
What necessarily follows from it? prime implicates

» Automated reasoning answers with guarantees: the answer is proved, not estimated

> “No” is as useful an answer as “yes” — and much harder to obtain
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) Reasoning means querying this function — with guarantees

Can it be true? satisfiability
Is it always true? validity, proof
In which states? enumeration
What is its average value? counting
What is enough to make it true? prime implicants
What necessarily follows from it? prime implicates

» Automated reasoning answers with guarantees: the answer is proved, not estimated
> “No” is as useful an answer as “yes” — and much harder to obtain

» One question remains: how do we define this function? And if we cannot: learn it (part
F)
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) We never write the function out in full

» Truth table: 2" rows

learn

semantics
the function f
a huge object

Tdeﬁnes

syntax
its description in a language
a short object
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) We never write the function out in full

semantics

the function
» Truth table: 2" rows f } f
a huge object

» n =300 facts = 2300 ~ 109 states,

more than there are atoms in the Tdeﬁnes
observable universe

syntax
its description in a language
a short object
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) We never write the function out in full

» Truth table: 2" rows

» n =300 facts = 2300 ~ 109 states,
more than there are atoms in the
observable universe

» So we do not enumerate it; we
describe it

semantics
the function f
a huge object

Tdeﬁnes

syntax
its description in a language
a short object
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) We never write the function out in full

semantics
the function
» Truth table: 2" rows f } f
a huge object
» n =300 facts = 2300 ~ 109 states,
more than there are atoms in the Tdeﬁnes
observable universe
» So we do not enumerate it: we s descri 'synjcax |
describe it its description in a language

a short object

» The whole game: a language expressive enough to say what we mean, constrained
enough that we can reason about it
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» Acompositional language: propositional logic

» Three connectives: and, or, not @

(xa V xg) A —xc

“the pathway works if A or B is expressed, and C is not”

(Biere et al. 2021)
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» Acompositional language: propositional logic

» Three connectives: and, or, not @
» Compositional: the meaning of the e @

whole is computed from the meaning of

e ORNOIO

(xa V xg) A —xc

“the pathway works if A or B is expressed, and C is not”

(Biere et al. 2021)
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» Acompositional language: propositional logic

» Three connectives: and, or, not @

» Compositional: the meaning of the e @
whole is computed from the meaning of
the parts

» A short formula can describe a function @ @ @

n
over 2" states (xa V Xg) A —Xc

“the pathway works if A or B is expressed, and C is not”

(Biere et al. 2021)

learn 0 o B C D) | (E F G H reason p.10



Y SAT: clauses, and a single question

» Conjunctive normal form: an and of
clauses, each clause an or of literals

(xa Vxg) A (=xc)
AN (“XA \Y XD)

CDCL solvers: Kissat, CaDiCal

millions of variables, routinely

(Biere et al. 2021)
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Y SAT: clauses, and a single question

» Conjunctive normal form: an and of
clauses, each clause an or of literals

» Every Boolean function can be written this (xa Vixg) A ()
way A (=xa V xp)

CDCL solvers: Kissat, CaDiCal

millions of variables, routinely

(Biere et al. 2021)
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Y SAT: clauses, and a single question

» Conjunctive normal form: an and of
clauses, each clause an or of literals

» Every Boolean function can be written this (xa Vixg) A ()
way A (=xa V xp)

» The SAT question: is the maximum of f
equal to 1? CDCL solvers: Kissat, CaDiCaL
is there a state that makes it true? millions of variables, routinely

(Biere et al. 2021)
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Y SAT: clauses, and a single question

» Conjunctive normal form: an and of
clauses, each clause an or of literals

» Every Boolean function can be written this
way

» The SAT question: is the maximum of f
equal to 1?
is there a state that makes it true?

P> Yes = the state is returned; no = it s
proved

(xa Vxg) A (=xc)
AN (“XA \Y XD)

CDCL solvers: Kissat, CaDiCal

millions of variables, routinely

(Biere et al. 2021)

H reason p-11



) First slider: the domain of the variables

Sudoku in SAT
> 9 Booleans per cell: X,

> “at least one value”: one clause of 9
literals

> “at most one value”: 36 clauses per cell
» 729 variables, thousands of clauses

learn 0 0 B C

Sudoku in CP
> one variable per cell, domain {1,...,9}

> “exactly one value” is free: that is the
domain

> language: tables and global constraints
(Al1Different)

» 81 variables, 27 constraints

(Rossi et al. 2006)
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) First slider: the domain of the variables

Sudoku in SAT Sudoku in CP
> 9 Booleans per cell: X, > one variable per cell, domain {1,...,9}
> “atleast one value”: one clause of 9 > “exactly one value” is free: that is the
literals domain

\4

> “at most one value”: 36 clauses per cell language: tables and global constraints

» 729 variables, thousands of clauses (Al1Different)
» 81 variables, 27 constraints

» Same function, far more compact description — and far stronger propagation

(Rossi et al. 2006)
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) Second slider: the co-domain of the function

sy @
> Replace {true, false} with N U {oo}: o
costs off | oo

fx) = > then min, f(x)

tables
“A off and B on: impossible;
Aon and B off: costly but possible”

Cost Function Networks (CFN) — solver toulbar2

(Cooper et al. 2020), (Hurley et al. 2016)
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) Second slider: the co-domain of the function

sy @
> Replace {true, false} with N U {oo}: o
costs off | oo

» Combination becomes a sum instead of @ @

an and
fx) = > then min, f(x)
tables
“A off and B on: impossible;

Aon and B off: costly but possible”

Cost Function Networks (CFN) — solver toulbar2

(Cooper et al. 2020), (Hurley et al. 2016)
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) Second slider: the co-domain of the function

sy @
> Replace {true, false} with N U {oo}: o
costs off | oo

» Combination becomes a sum instead of @ @

an and

» The query becomes a minimum instead
of a maximum

fx) = > then min, f(x)

tables
“A off and B on: impossible;
Aon and B off: costly but possible”

Cost Function Networks (CFN) — solver toulbar2

(Cooper et al. 2020), (Hurley et al. 2016)
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) Second slider: the co-domain of the function

sy @
> Replace {true, false} with N U {oo}: o
costs off | oo

» Combination becomes a sum instead of @ @

an and

» The query becomes a minimum instead
of a maximum

fx) = > then min, f(x)

tables
» Cost oo = forbidden: constraints are a

. “A off and B on: impossible;
special case

Aon and B off: costly but possible”

Cost Function Networks (CFN) — solver toulbar2

(Cooper et al. 2020), (Hurley et al. 2016)

learn 0 o B C D) | (E F G H reason p-13



Y Third slider: the probabilistic reading

cost f(x)
of a state x
» Boltzmann: P(x) o exp(—f(x)) minimise
a small cost = a high probability - < ) .
“log o

probability P(x)
of that state x
maximise

one object, two readings:
the most probable state
= the minimal cost (MAP)

(Cooper et al. 2020), (Koller et al. 2009)
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Y Third slider: the probabilistic reading

cost f(x)
of a state x
» Boltzmann: P(x) o exp(—f(x)) minimise
a small cost = a high probability
» We obtain a Markov random field ~loe? e’
(MRF)

probability P(x)
of that state x
maximise

one object, two readings:
the most probable state
= the minimal cost (MAP)

(Cooper et al. 2020), (Koller et al. 2009)
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Y Third slider: the probabilistic reading

cost f(x)
of a state x
» Boltzmann: P(x) ox exp(—f(x)) minimise
a small cost = a high probability
—logP -
» We obtain a Markov random field o )
(MRF) ( probability P(x) )
» Normalised tables + acyclic graph = of that state x
Bayesian network maximise

one object, two readings:
the most probable state
= the minimal cost (MAP)

(Cooper et al. 2020), (Koller et al. 2009)
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Y Third slider: the probabilistic reading

cost f(x)
of a state x
» Boltzmann: P(x) ox exp(—f(x)) minimise
a small cost = a high probability - .
» We obtain a Markov random field o )
(MRF) probability P(x)
» Normalised tables + acyclic graph = of that state x
Bayesian network maximise

> Anew query: Z =), exp(—f(x)), the

normalising constant one object, two readings:
the most probable state
= the minimal cost (MAP)

(Cooper et al. 2020), (Koller et al. 2009)
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) The same function, a few choices

Domain Co-domain Comb. Typical query

SAT {0,1} {0,1} A maxf=17?
Constraints (CP) finite {0,1} A maxf=17?
Costs (CFN) finite NU {oco} +  minf
Possibilistic finite [0,1] ordinal min maxf (max-min)
Markov random field ~ finite Rt x  maxP (MAP), Z
Bayesian network finite [0,1] x  P(-]),Z

(Cooper et al. 2020), (Dubois et al. 1994), (Schiex et al. 1995)
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) The same function, a few choices

Domain Co-domain Comb. Typical query

SAT {0,1} {0,1} A maxf=17?
Constraints (CP) finite {0,1} A maxf=17?
Costs (CFN) finite NU {oco} +  minf
Possibilistic finite [0,1] ordinal min maxf (max-min)
Markov random field ~ finite Rt x  maxP (MAP), Z
Bayesian network finite [0,1] x  P(-]),Z

» The language varies too: clauses, tables, global constraints and global cost functions

(Cooper et al. 2020), (Dubois et al. 1994), (Schiex et al. 1995)
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) The same function, a few choices

Domain Co-domain Comb. Typical query

SAT {0,1} {0,1} A maxf=17?
Constraints (CP) finite {0,1} A maxf=17?
Costs (CFN) finite NU {oco} +  minf
Possibilistic finite [0,1] ordinal min maxf (max-min)
Markov random field ~ finite Rt x  maxP (MAP), Z
Bayesian network finite [0,1] x  P(-]),Z

» The language varies too: clauses, tables, global constraints and global cost functions

» One common framework: discrete graphical models — on the constraint side, VCSPs (valued
constraint satisfaction problems)

(Cooper et al. 2020), (Dubois et al. 1994), (Schiex et al. 1995)
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» Other languages for other needs

SMT: logic + theories ASP: rules and exceptions
> Integers, reals, arrays, bit-vectors » Default negation (exceptions)
> 73, cve5; code verification > clingo; configuration, biology
x, y = Ints('x y') flies(X) :- bird(X),
s.add(x + 2xy == 7, x >y, y > 0) not penguin(X).
s.check() # sat: y=1, z=5 bird(tweety). bird(pingu).
penguin(pingu) .

Answer: flies(tweety), but not flies(pingu)
The same scheme everywhere: a syntax, a semantics, queries, dedicated solvers.

(Moura et al. 2008), (Barbosa et al. 2022), (Gebser et al. 2019)
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) When variables become continuous: MILP

constraints and objective
» Tools: CPLEX, Gurobi, HiGHS, SCIP

U1 %}
» Integer and real variables, linear @—)@
A
1
1

/—Iﬁ
| gene gy off:yo =0 |
R —

vp = vy (steady state)
0 <wvp <Mys, y2 € {0,1}

maX Upiomass

(Shlomi et al. 2007)
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) When variables become continuous: MILP

» Integer and real variables, linear
constraints and objective

» Tools: CPLEX, Gurobi, HiGHS, SCIP

» Example: metabolic fluxes at steady state
(FBA) + Boolean gene regulation rules

—
| gene gy off:yo =0 |

vp = vy (steady state)
0 <vz <Mys, y2 €{0,1}

maX Upiomass

(Shlomi et al. 2007)
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) When variables become continuous: MILP

» Integer and real variables, linear
constraints and objective

» Tools: CPLEX, Gurobi, HiGHS, SCIP

» Example: metabolic fluxes at steady state
(FBA) + Boolean gene regulation rules

» The O/1 “gene active” variables switch
fluxes off = a MILP

—

\/gene go off: yo = 0\\

vp = vy (steady state)
0 <vz <Mys, y2 €{0,1}

maX Upiomass

(Shlomi et al. 2007)

H reason p-17



» When variables are no longer enough: objects and relations

> First-order logic: objects, relations,
quantifiers
Vx (Enzyme(x) = Protein(x)) is-a/
{Enzyme} {Transporter]
is-a A
derived:
@ Kinase is-a
Protein

(Baader et al. 2017)
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» When variables are no longer enough: objects and relations

> First-order logic: objects, relations,
quantifiers
Vx (Enzyme(x) = Protein(x)) is-a/

> Very expressive... and undecidable (part B) [Enzyme} {Transporter]
is-a A
derived:
Kinase Kinase is-a
Protein

(Baader et al. 2017)

E F G H reason p-18
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» When variables are no longer enough: objects and relations

> First-order logic: objects, relations,
quantifiers

Vx (Enzyme(x) = Protein(x))
> Very expressive... and undecidable (part B)

» Description logics: decidable fragments, for
ontologies (OWL, Gene Ontology, SNOMED
CT)

arn (0) @) ® (© (@) |

Is~a/

{Enzyme} {Transporter]
A

is-a

derived:
Kinase Kinase is-a
Protein
(Baader et al. 2017)
H reason p-18



» When variables are no longer enough: objects and relations

> First-order logic: objects, relations,
quantifiers
Vx (Enzyme(x) = Protein(x)) is~a/

» Very expressive... and undecidable (part B) [Enzymej {Transporter]
» Description logics: decidable fragments, for isa’l

ontologies (OWL, Gene Ontology, SNOMED : derived:

cT) Kinase Iglrr;:;zn[s-a

» Tomorrow: knowledge graphs

(Baader et al. 2017)
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> B.Alittle complexity

learn

reason

Can we learn and guarantee?

learn

0

» The queries of part A are hard

» Checking versus finding; SAT

» Optimising, counting, and beyond
> Worst case versus practice

F G H reason p- 19



Y Checking a solution is easy, finding one can be hard

» P: problems solved in polynomial time
(e.g. sorting, shortest path)

P

sorting

(Arora et al. 2009)
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Y Checking a solution is easy, finding one can be hard

» P: problems solved in polynomial time
(e.g. sorting, shortest path)

» NP: problems whose candidate
solution can be checked in polynomial
time p

sorting

(Arora et al. 2009)

E F G H reason p. 20
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Y Checking a solution is easy, finding one can be hard

» P: problems solved in polynomial time
(e.g. sorting, shortest path)

» NP: problems whose candidate
solution can be checked in polynomial
time p

» Sudoku: checking a filled grid = 27 sorting
tests; filling it in...

(Arora et al. 2009)
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Y Checking a solution is easy, finding one can be hard

>

>

P: problems solved in polynomial time
(e.g. sorting, shortest path)

NP: problems whose candidate
solution can be checked in polynomial
time

Sudoku: checking a filled grid = 27
tests; filling it in...

P = NP? Still open (a Clay Institute
prize)

learn 0 A e C

H

P

sorting

reason

(Arora et al. 2009)
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» SAT s the first NP-complete problem

n? x n? Sudoku

graph colouring

[bounded planning]

Cook1971 any problem in NP]

» NP-complete: in NP, and every problem in NP translates into it efficiently

(Cook 1971), (Yato et al. 2003)
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» SAT s the first NP-complete problem

n? x n? Sudoku

graph colouring

[bounded planning]

Eook 1971 any problem in NP]

» NP-complete: in NP, and every problem in NP translates into it efficiently
» So a good SAT solver is a solver for all of NP

(Cook 1971), (Yato et al. 2003)
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» SAT s the first NP-complete problem

n? x n? Sudoku

graph colouring

[bounded planning]

Cook1971 any problem in NP]

» NP-complete: in NP, and every problem in NP translates into it efficiently
» So a good SAT solver is a solver for all of NP
» This is why so many problems can be “compiled” into SAT, CP, MILP...

(Cook 1971), (Yato et al. 2003)
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Y Optimising and counting: at least as hard as deciding

» NP-hard: at least as hard as anything in NP
(e.g. the min f of a CFN, the MAP of a
Markov random field)

learn 0 A e C D) |

(¢] H reason

decide: is
there a grid?

optimise: the harder
best one?

[ count: how many? |

(Arora et al. 2009)
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Y Optimising and counting: at least as hard as deciding

» NP-hard: at least as hard as anything in NP
(e.g. the min f of a CFN, the MAP of a
Markov random field)

> #P: counting the solutions
(e.g. the normalising constant Z seen in part
A)

learn 0

decide: is
there a grid?

optimise: the
best one?

[ count: how many? |

(¢] H reason

\

harder

(Arora et al. 2009)
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Y Optimising and counting: at least as hard as deciding

» NP-hard: at least as hard as anything in NP
(e.g. the min f of a CFN, the MAP of a
Markov random field)

> #P: counting the solutions
(e.g. the normalising constant Z seen in part
A)

> For learning: the exact likelihood of a CFN
requires Z
= a #P-hard problem (part F)

decide: is
there a grid?

optimise: the
best one?

~ count: how many?

"

(¢] H reason

harder

(Arora et al. 2009)

p-22



Y Beyond: PSPACE, and even the undecidable

PSPACE undecidable

QBF, two-
player games

first-order
logic

» Quantified formulas (QBF): “for every x, there is a y...” — two-player games

(Baader et al. 2017)
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Y Beyond: PSPACE, and even the undecidable

PSPACE undecidable

QBF, two-
player games

first-order
logic

» Quantified formulas (QBF): “for every x, there is a y...” — two-player games
» First-order logic: a prover may never halt

(Baader et al. 2017)
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Y Beyond: PSPACE, and even the undecidable

PSPACE undecidable

QBF, two-
player games

first-order
logic

» Quantified formulas (QBF): “for every x, there is a y...” — two-player games
» First-order logic: a prover may never halt

» Hence the appeal of description logics: decidable (and sometimes polynomial)

(Baader et al. 2017)
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Y Worst case # practice: structure saves you

» NP-hard = hard in the worst case, not on your

instances

learn

0

H

a chain of small clusters:
treewidth 2, easy

(Cooper et al. 2020)
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» Polynomial fragments: 2-SAT, Horn clauses,
minimum cut (submodular functions)

» Treewidth w: if the graph of the problem
looks like a tree, cost d¥*! instead of d"
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Y Worst case # practice: structure saves you

» NP-hard = hard in the worst case, not on your
instances

» Polynomial fragments: 2-SAT, Horn clauses,
minimum cut (submodular functions)

» Treewidth w: if the graph of the problem
looks like a tree, cost d¥*! instead of d"

» Modern solvers: learning, heuristics, restarts

H

a chain of small clusters:
treewidth 2, easy

(Cooper et al. 2020)

reason p-24



) C. How solvers reason

learn
reason

Can we learn and guarantee?

Eliminate, propagate, branch

Learn from your conflicts

Branch and bound

Live demo (Colab notebook)

Compile once, query a thousand times
What “NP-hard” means for you

(¢] H reason



Y Eliminating a variable replaces it by its consequences

» Combine every function mentioning x, then

make x disappear: 3, min or ) | @ @
©

(Bertele et al. 1972), (Dechter et al. 1994)
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Y Eliminating a variable replaces it by its consequences

» Combine every function mentioning x, then
make x disappear: 3, min or ) |
» What remains is an equivalent problem @ @

without x: start again, until the answer

(Bertele et al. 1972), (Dechter et al. 1994)
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Y Eliminating a variable replaces it by its consequences

» Combine every function mentioning x, then
make x disappear: 3, min or ) |

» What remains is an equivalent problem
without x: start again, until the answer

» No search, no backtracking — but the new

function links together all the neighbours of x « eliminated:
its neighbours are linked

(Bertele et al. 1972), (Dechter et al. 1994)

learn 0 A B O D) | (E F G H reason p. 26



Y Eliminating a variable replaces it by its consequences

» Combine every function mentioning x, then
make x disappear: 3, min or ) |

» What remains is an equivalent problem
without x: start again, until the answer

» No search, no backtracking — but the new

function links together all the neighbours of x < elimmated:
its neighbours are linked

> Cost: exponential in the width of the graph, not in the number of variables

(Bertele et al. 1972), (Dechter et al. 1994)

earn 0 A B o D) | (E F G H reason p. 26



Y Eliminating a variable replaces it by its consequences

» Combine every function mentioning x, then
make x disappear: 3, min or ) |

» What remains is an equivalent problem
without x: start again, until the answer

» No search, no backtracking — but the new

function links together all the neighbours of x < elimmated:
its neighbours are linked

» Cost: exponential in the width of the graph, not in the number of variables

» On clauses, combining is resolution (Davis—Putnam); and propagation, coming next,
is its bounded version: anything above a fixed arity is thrown away

(Bertele et al. 1972), (Dechter et al. 1994)
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Y Propagate the consequences, then make a choice

= 12 cells fixed
X1,1 = 2

propagation

empty cell:
failure

> Propagate: remove impossible
values (like a Sudoku player)
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Y Propagate the consequences, then make a choice

> Propagate: remove impossible
values (like a Sudoku player)

» Branch: when stucR, pick a cell and
a value

X1,1 = 2
propagation
empty cell:

failure

learn 0 A B o D) | (E F G H reason

= 12 cells fixed

X171 =17
propagation

solution!




Y Propagate the consequences, then make a choice

> Propagate: remove impossible
values (like a Sudoku player)

» Branch: when stucR, pick a cell and
propagation
a value
empty cell:
failure

» Backtrack when a cell has no value
left

learn 0 A B o D) | (E F G H reason

= 12 cells fixed

X171 =17
propagation

solution!




Y Learning from failure: the heart of SAT solvers

> Failure: analyse which choices caused it choice a

choice b

L

conflict!

(Marques-Silva et al. 1999)
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Y Learning from failure: the heart of SAT solvers

> Failure: analyse which choices caused it choice a
» Derive a new clause from it: “never do
a A b again” G
3 learned clause
choice b
—-aV b

A
conflict! ~-----~

(Marques-Silva et al. 1999)
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Y Learning from failure: the heart of SAT solvers

> Failure: analyse which choices caused it

» Derive a new clause from it: “never do
a A b again”

» Jump straight back to the offending
choice (non-chronological backtracking)

choice a

jump
choice b

learned clause
—-aV b
A

-’
-
-

L

conflict! ~----

(Marques-Silva et al. 1999)
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Y Learning from failure: the heart of SAT solvers

> Failure: analyse which choices caused it
» Derive a new clause from it: “never do
a A b again”
» Jump straight back to the offending
choice (non-chronological backtracking)

» CDCL: millions of clauses learned,
forgotten, relearned

learned clause
—a V —\b

chonce a
jump
confllctl F ---

F (¢] H reason

(Marques-Silva et al. 1999)

p-28



Y Branch and bound: proving the optimum

» Keep the best known solution (cost =
10)

(Cooper et al. 2020), (Allouche et al. 2015)
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Y Branch and bound: proving the optimum

» Keep the best known solution (cost =
10)

» At each node: a lower bound on the
achievable cost

(Cooper et al. 2020), (Allouche et al. 2015)

learn 0 A B e D) | (E F G H) reason p-29



Y Branch and bound: proving the optimum

» Keep the best known solution (cost =
10)

» At each node: a lower bound on the
achievable cost

» Bound > 10: cut the branch (no point
exploring it)

(Cooper et al. 2020), (Allouche et al. 2015)
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Y Branch and bound: proving the optimum

» Keep the best known solution (cost =
10)

» At each node: a lower bound on the
achievable cost

» Bound > 10: cut the branch (no point
exploring it)

> CFN: we move costs between functions
to push the bound up

(Cooper et al. 2020), (Allouche et al. 2015)
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Y Live demo: what if the Sudoku clues were images?

MNIST
> A LeNet network trained on MNIST reads each
handwritten digit Images

> The digits read become the clues,
Al1Different on rows, columns and boxes

digits read

Illll

Colab notebook, nothing to install:

CFN + All1Different
toulbar2

1

colab.research.google.com/

drive/lew7Icel..

no solution

e (0) (&) (8) @ (@) | (E) (F) (¢) (H) resson
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Y Live demo: what if the Sudoku clues were images?

MNIST
> A LeNet network trained on MNIST reads each
handwritten digit Images

> The digits read become the clues,
Al1Different on rows, columns and boxes

digits read

Illll

> Grid 2: correct reading — solved and proved

Colab notebook, nothing to install:

CFN + All1Different
toulbar2

1

colab.research.google.com/

drive/lew7Icel..

no solution
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Y Live demo: what if the Sudoku clues were images?

MNIST
» A LeNet network trained on MNIST reads each
handwritten digit Images

> The digits read become the clues,
Al1Different on rows, columns and boxes

digits read

Illll

> Grid 2: correct reading — solved and proved

» Crid 0: a2 read as a 1 — no solution
CFN + AllDifferent
Colab notebook, nothing to install: -
colab.research.google.com/ ¢
drive/lew7Icel.. no solution

learn 0 A B e D) | (E F G H) reason
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» The network hesitates, the solver decides — and fixes its reading

» Aclueis no longer imposed: LeNet hands over

its 9 costs — log p(d)
» The rules stay hard: cost K = 10°

One function of the notebook changed (set_hint); the

network was not touched.

MNIST
images

i
4

9 costs per cell

—log p(d)

CFN: costs + rules
toulbar2

corrected solution

H reason



» The network hesitates, the solver decides — and fixes its reading

MNIST
images LeNet

» Aclueis no longer imposed: LeNet hands over
its 9 costs — log p(d)

» The rules stay hard: cost K = 10°

> Minimising the total = looking for the most
probable grid that obeys the rules

One function of the notebook changed (set_hint); the
network was not touched.

H

9 costs per cell

—log p(d)

CFN: costs + rules
toulbar2

corrected solution

reason p-31



» The network hesitates, the solver decides — and fixes its reading

MNIST | - N
> Aclueis no longer imposed: LeNet hands over images LeNet |

its 9 costs — log p(d)

<

» The rules stay hard: cost K = 10° 9 costs per cell

» Minimising the total = looking for the most —logp(d)
probable grid that obeys the rules

> Grid O: : .
Erld 0 _f,olved, and the misread 1 is replaced CFN: costs + rules
y the right 2
toulbar2
One function of the notebook changed (set_hint); the *

network was not touched. corrected solution
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> Compile once, query a thousand times

formula f
» So far, the solver starts from scratch at every short

question compile

once

Y
circuit
sometimes huge

(Darwiche et al. 2002)
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> Compile once, query a thousand times

formula f
» So far, the solver starts from scratch at every short

question compile
> Another strategy: turn f once into a circuit — v

binary decision diagram (BDD), d-DNNF, SDD circuit
sometimes huge

(Darwiche et al. 2002)
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> Compile once, query a thousand times

formula f
» So far, the solver starts from scratch at every short

question compile
» Another strategy: turn f once into a circuit — y e
binary decision diagram (BDD), d-DNNF, SDD circuit
» Each query is then just a traversal: linear in sometimes huge
the size of the circuit query
y a thousand times
count,
marginalise,
condition...

(Darwiche et al. 2002)
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> Compile once, query a thousand times

formula f
» So far, the solver starts from scratch at every short

question compile
» Another strategy: turn f once into a circuit — y onee
binary decision diagram (BDD), d-DNNF, SDD circuit
» Each query is then just a traversal: linear in sometimes huge
the size of the circuit query
a thousand times
» The price: the circuit may blow up — and the Y .
more compact a language, the fewer et
o . L marginalise,
questions it answers in polynomial time o
condition...

(Darwiche et al. 2002)

earn 0 A B e D) | (E F G H reason p.32



Y The same circuit, made probabilistic — and differentiable
» Replace V by + and A by x: the circuit no

longer returns true or false, but a probability

p1 1—p2 1—p1  p2

(Darwiche 2003)
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Y The same circuit, made probabilistic — and differentiable

> Replace Vv by + and A by x: the circuit no
longer returns true or false, but a probability

» Same structural properties = exact @
marginals and normalisation, in linear time

p1 1—p2 1-p1 p2

(Darwiche 2003)
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Y The same circuit, made probabilistic — and differentiable

> Replace Vv by + and A by x: the circuit no
I T P(f)
onger returns true or false, but a probability

» Same structural properties = exact @
marginals and normalisation, in linear time

gradient

» An arithmetic circuit can be differentiated: @ @
evaluating and backpropagating cost the |
same

p1 1—p2 1-p1 p2

(Darwiche 2003)
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Y The same circuit, made probabilistic — and differentiable

> Replace Vv by + and A by x: the circuit no
longer returns true or false, but a probability

» Same structural properties = exact
marginals and normalisation, in linear time

» An arithmetic circuit can be differentiated:
evaluating and backpropagating cost the
same

» A compiled logical constraint thus becomes
a differentiable loss term (part F)

@ @ ! gradient
1

p1 1—po 1—p1 p2

(Darwiche 2003)

(¢] H reason p-33



Y NP-hard: what it means for you

1. Do not give up: try a generic solver on your instances

kam (0) (&) B @ @ 1 & () (¢

H

reason



Y NP-hard: what it means for you

1. Do not give up: try a generic solver on your instances

2. Do not reinvent: a naive in-house code will almost always be beaten
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Y NP-hard: what it means for you

1. Do not give up: try a generic solver on your instances
2. Do not reinvent: a naive in-house code will almost always be beaten
3. Modelling matters: a good model (and the right formalism) changes everything
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NP-hard: what it means for you

Do not give up: try a generic solver on your instances

Do not reinvent: a naive in-house code will almost always be beaten

Modelling matters: a good model (and the right formalism) changes everything
Accept trade-offs: a time limit, a solution + a bound (guaranteed gap), or a heuristic
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ks o=

NP-hard: what it means for you

Do not give up: try a generic solver on your instances

Do not reinvent: a naive in-house code will almost always be beaten

Modelling matters: a good model (and the right formalism) changes everything
Accept trade-offs: a time limit, a solution + a bound (guaranteed gap), or a heuristic

Know what you have: a proved optimal solution, or merely a “good” one?
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Y D. Neuro-symbolic Al: what are we talking about?

learn

Can we learn and guarantee?

learn

reason

0

A

B

DN - REE

» Why mix them
> Kautz’s taxonomy (6 types)
» More recent classifications

» Where my own worR sits

F (¢] H reason p-35



Y Neurons and symbols have complementary strengths

Neural | Symbolic
Natural inputs (images, sequences) + -
Learning from data + -
Guarantees, proofs - +
Explicit knowledge, control - +
Long, combinatorial reasoning - +
(Kautz 2022), (Garcez et al. 2023)
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Y Neurons and symbols have complementary strengths

Neural | Symbolic
Natural inputs (images, sequences) + -
Learning from data + -
Guarantees, proofs - +
Explicit knowledge, control - +
Long, combinatorial reasoning - +

» Kautz: a fast, intuitive “System 1” [ a slow, deliberate “System 2” (Kahneman)
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Y Neurons and symbols have complementary strengths

Neural | Symbolic
Natural inputs (images, sequences) + -
Learning from data + -

Guarantees, proofs
Explicit knowledge, control

Long, combinatorial reasoning

+

+

e

» Kautz: a fast, intuitive “System 1” [ a slow, deliberate “System 2” (Kahneman)

» Garcez & Lamb: unite the robust learning of networks with the explainable reasoning

of symbols

(Kautz 2022), (Garcez et al. 2023)
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Y Kautz: six ways of assembling neurons and symbols (1/2)

1. Symbolic Neuro
symbolic

[words})[ network ]—)[words)

Symbols in and out, a network
in between

E.g. standard natural language
processing

learn 0

2. Symbolic[Neuro]

search
A symbolic solver calls a
network as a subroutine

E.g. AlphaGo (tree search +
evaluation network)

3. Neuro | Symbolic

pixels network solver

The network produces a
symbolic structure, handled by
a reasoner

E.g. the Neuro-Symbolic
Concept Learner
Tools: DeepProbLog,

Scallop, NeurASP

(Kautz 2022)

H reason p.37



Y Kautz: six ways of assembling neurons and symbols (2/2)

4. Neuro:Symbolic—Neuro

data
rules network

Symbolic rules generate the
training examples

E.g. simplifying mathematical
expressions (Lample & Charton)

learn

5. Neurogymbolic

rules = network
constrained network

The rules are compiled into the
network: architecture or loss
function
E.g. Logic Tensor Networks,
PINNs
Tools: LTN,

PySDD (semantic loss)

6. Neuro[Symbolic]

‘ network ‘

reasoner

The network decides when to

call a reasoner (System 2)

E.g. an agent that fires a
theorem prover; the most

promising route according to

Kautz

(Kautz 2022)

p-38



» More recent, finer-grained classifications

Marra et al. (Artificial Intelligence, 2024)

From statistical relational to neuro-symbolic: 7
dimensions

1.

2.
3
4.
5
6
7

type of logical inference

syntax of the logical theories

. logical semantics

what is learned (parameters, structure)

. symbolic [ sub-symbolic representations
. degree of fidelity to the original paradigms

. target learning tasks

learn 0 A B C o | (E

Bhuyan et al. (2024)

Arecent survey: representation, learning,
reasoning, decision

Garcez & Lamb (2023)

The “3' wave”: trust, explainability,
knowledge extraction

(Marra et al. 2024), (Bhuyan et al. 2024), (Garcez et al. 2023)
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) Break — 10 minutes

learn reason

V' N

So far: reasoning, and the ways
of plugging learning into it.
After the break: learned costs,
on a real protein problem.

am  (0) (&) B) © @1 & () (© (H
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Y E. Case study: designing proteins

learn

reason

Can we learn and guarantee?

learn

0

A

B

C

D 1@ ¢

Protein design is a CFN

The rules of physics, and the search
without guarantees

What annealing misses, and what can
be proved

The turning point: learn the costs
instead of writing them

(¢] H reason



Y Aprotein is a chain that folds in order to work

» 20 natural amino acids

x-

» The sequence
determines the shape

» The shape determines
the function (catalysis,

binding...)

-

amino acid sequence

3D structure

Applications: health (antibodies, vaccines), green chemistry (enzymes), biomaterials

Figure: earlier slide deck; structure: DPBB barrel

learn 0 A B C D \o F G H reason p. 42



Y Designis an inverse problem, like a Sudoku

prediction (AlphaFold)

/\A 3D structure

sequence
‘ MKTAYTAKGQR... ‘ (backbone,
\/ function)
design
Sudoku Protein

> 81 cells, 9 digits > n positions (up to hundreds), 20 amino
> fixed grid geometry acids

> known rules > given backbone geometry

> approximate rules: physics

(Defresne et al. 2026a)

learn 0 A B C D \e F G H reason p.43



) Designing a sequence = minimising a CFN

» Variable s;: the amino acid at position i

> Pairwise score (Potts model):
E(s|B) = Zi<j Ey(si, sy | B)

e  (0) (&) B) © ©) I @ (F

E23: 20 x 20

EQ;;Z 400 x 400

an edge = two positions close in space

(Pierce et al. 2002), (Allouche et al. 2014)
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) Designing a sequence = minimising a CFN

» Variable s;: the amino acid at position i

> Pairwise score (Potts model):

E(s [ B) = X_ij Ey(si i | B)
> Best sequence = minimal cost
= MAP of P(s | B) oc e E1B)

learn

0

A

B

C

D 1@ ¢

Eaz: 20 x 20
EQ;;Z 400 x 400

an edge = two positions close in space

(Pierce et al. 2002), (Allouche et al. 2014)

G H reason p. 44



) Designing a sequence = minimising a CFN

» Variable s;: the amino acid at position i E23: 20 x 20

» Pairwise score (Potts model): E23: 400 x 400

E(s [ B) = X_ij Ey(si i | B)
> Best sequence = minimal cost
= MAP of P(s | B) oc e E1B)

» NP-hard, yet toulbar2 optimises it
exactly on real instances an edge = two positions close in space

(Pierce et al. 2002), (Allouche et al. 2014)
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Y The usual way: physics writes the costs, annealing searches

» The costs E; come from physical terms: van
der Waals, electrostatics, solvation,
hydrogen bonds

energy

» Conformations discretised into rotamers:
this really is a CFN

sequences
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Y The usual way: physics writes the costs, annealing searches

» The costs E; come from physical terms: van
der Waals, electrostatics, solvation,

energy
hydrogen bonds annealing
» Conformations discretised into rotamers: stops here
this really is a CFN

» Search: simulated annealing, restarted a
great many times (Rosetta)

sequences
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Y The usual way: physics writes the costs, annealing searches

» The costs E; come from physical terms: van
der Waals, electrostatics, solvation,
hydrogen bonds

energy

annealing

stops mere the optimum
\

is tlher

sequences

» Conformations discretised into rotamers:
this really is a CFN

» Search: simulated annealing, restarted a
great many times (Rosetta)

> Symbolic, yes. Automated reasoning, no:
no bound, no proof, never “there is nothing
better”

learn 0 A B C D) | e F G H reason



» toulbar2 proves the optimum — and measures what annealing
misses

> Same energy (Talaris2014), same rotamers, an
exact method: branch and bound, consistencies,
tree decomposition

» Clobal optimum proved on full redesigns, in
spaces of up to 10234 — a single core, at most
66 GB

(Simoncini et al. 2015)
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» toulbar2 proves the optimum — and measures what annealing
misses

> Same energy (Talaris2014), same rotamers, an > Against it, annealing: the probability
exact method: branch and bound, consistencies, of reaching the optimum drops fast
tree decomposition towards O

> Global optimum proved on full redesigns, in
spaces of up to 10234 — a single core, at most
66 GB

(Simoncini et al. 2015)
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» toulbar2 proves the optimum — and measures what annealing
misses

> Same energy (Talaris2014), same rotamers, an > Against it, annealing: the probability
exact method: branch and bound, consistencies, of reaching the optimum drops fast
tree decomposition towards O

> Global optimum proved on full redesigns, in > Worst case: despite 1,000 restarts,
spaces of up to 10234 — a single core, at most still more than one Rosetta unit
66 GB away from the optimum

(Simoncini et al. 2015)
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Y toulbar2 proves the optimum — and measures what annealing

misses

> Same energy (Talaris2014), same rotamers, an
exact method: branch and bound, consistencies,
tree decomposition

> Global optimum proved on full redesigns, in
spaces of up to 10234 — a single core, at most
66 GB

e (0) (&) B) (© © 1@

> Against it, annealing: the probability

G

of reaching the optimum drops fast
towards O

Worst case: despite 1,000 restarts,
still more than one Rosetta unit
away from the optimum

= sequences differing from the
optimal one in more than 30 % of
their amino acids

(Simoncini et al. 2015)

H reason p. 46



Y Doing better: searching better is not enough, the model must

change
Search better Model better
the optimum, proved learn the tables E;
done everything that follows
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Y Doing better: searching better is not enough, the model must
change

Search better Model better
the optimum, proved learn the tables E;
done everything that follows

> An exact solver optimises an approximate energy exactly: it cannot fix the model
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Y Doing better: searching better is not enough, the model must
change

Search better Model better
the optimum, proved learn the tables E;
done everything that follows

> An exact solver optimises an approximate energy exactly: it cannot fix the model

» And that energy rests on nineteenth- and early twentieth-century physics
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Y Doing better: searching better is not enough, the model must
change

Search better Model better
the optimum, proved learn the tables E;
done everything that follows

> An exact solver optimises an approximate energy exactly: it cannot fix the model
» And that energy rests on nineteenth- and early twentieth-century physics
> Experimental structures, by contrast, are plentiful and public (PDB)
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) EffieDes: a network writes the CFN, toulbar2 solves it

] Effie
EffieNN Efne

s
@
§ ©9 2546857139. ..
3 SIS Toulbar2
S CWGTYKALLA. ..

Y
(eJe)
Yj (00 Yk

Objectifs de design
& contraintes

> EffieNN: reads the backbone B, predicts the tables Ej (20 x 20) of pairs within 15 A
» Trained on structures from the PDB (Protein Data Bank)

Figure: (Defresne et al. 2026a), Fig. 2 (adapted)
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) EffieDes: a network writes the CFN, toulbar2 solves it

. Effi
EffieNN Effie

2546857139...
CWGTYKALLA. ..

Toulbar2

ARARRA

A

Objectifs de design
& contraintes

> EffieNN: reads the backbone B, predicts the tables Ej (20 x 20) of pairs within 15 A
» Trained on structures from the PDB (Protein Data Bank)
» Optimisation: exact (toulbar2) or relaxed (LR-BCD) for large proteins

Figure: (Defresne et al. 2026a), Fig. 2 (adapted)
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) Where do Effie and EffieDes sit?

» Type 3, Neuro | Symbolic: the

gzla:t[\\l/;/orh writes a symbolic model (a

inputs w J C

Y

(Defresne et al. 2026a), (Defresne et al. 2026b)
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) Where do Effie and EffieDes sit?

added constraints

inputs w J C

learn

0

Y

A

» Type 3, Neuro | Symbolic: the
network writes a symbolic model (a
CFN)

> With symbolic knowledge injected at
inference time

(Defresne et al. 2026a), (Defresne et al. 2026b)
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) Where do Effie and EffieDes sit?

» Type 3, Neuro | Symbolic: the

Eit[\\l/;/orh writes a symbolic model (a

inputs w ( \ i i inj
L P | etwork [CFN] > With symbolic knowledge injected at
grid, image, protein | inference time

Y > Limits of the taxonomy: it describes

<—| toulbar2 the architecture, not the learning

signal nor the guarantees; the types
overlap

(Defresne et al. 2026a), (Defresne et al. 2026b)
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Y F.Learning the rules themselves

learn reason

Can we learn and guarantee?

» Learning a CFN without a solver
» The redundancy problem
» The Emmental, and what it gives
» What it gives on proteins

learn 0 A B C D) | (E ° G H) reason



Y The problem: learning to solve without knowing the rules

data
oy ek G sl

solved grids,
known proteins
neither the constraints
nor the criterion are given

> We observe solutions, not the rules that govern them

(Defresne et al. 2026a)
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Y The problem: learning to solve without knowing the rules

data
oy ek G sl

solved grids,
known proteins
neither the constraints
nor the criterion are given

> We observe solutions, not the rules that govern them

» Sudoku: learning to play without being told the rules

(Defresne et al. 2026a)
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Y The problem: learning to solve without knowing the rules

({j?, ?g) [networla N :

solved grids,
known proteins
neither the constraints
nor the criterion are given

> We observe solutions, not the rules that govern them
» Sudoku: learning to play without being told the rules

» Proteins: nobody knows the exact “rules” of folding

(Defresne et al. 2026a)
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Y Putting the solver inside the learning loop is very expensive

> The natural idea: solve, compare with y*
’ ’ network
backpropagate @

(

Y
ient?
Solver gradient?
Y

y
[compare with y*

% 100,000 examples x 50 epochs

(Defresne et al. 2026a), (Defresne et al. 2023)
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Y Putting the solver inside the learning loop is very expensive

» The natural idea: solve, compare with y?,
backpropagate

> Obstacle 1: the output is discrete, the
gradient is zero or undefined

network

Y
ient?
Solver gradient?
Y

4
[compare with y*

% 100,000 examples x 50 epochs

(Defresne et al. 2026a), (Defresne et al. 2023)
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Y Putting the solver inside the learning loop is very expensive

» The natural idea: solve, compare with y?,
backpropagate

> Obstacle 1: the output is discrete, the
gradient is zero or undefined

> Obstacle 2: one NP-hard call per example
and per epoch

network

Y
gradient?
solver
\

4
[compare with y*

% 100,000 examples x 50 epochs

(Defresne et al. 2026a), (Defresne et al. 2023)
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Y Putting the solver inside the learning loop is very expensive

The natural idea: solve, compare with y?,
backpropagate

Obstacle 1: the output is discrete, the
gradient is zero or undefined

Obstacle 2: one NP-hard call per example
and per epoch

Obstacle 3: in the early epochs the
predicted models are random, hence
among the hardest to solve

)
'network |
. J

Y
gradient?
solver
\

4
[compare with y*

% 100,000 examples x 50 epochs

(Defresne et al. 2026a), (Defresne et al. 2023)
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Y Pseudo-likelihood takes the solver out of the loop

» A CFN defines a probability: P(y) o< exp(—cost(y))

NPLL = — ZZlog POV 1Y) P(Yi|y—) = softmax( ZN (Yi,y; )
¢

J#

(Besag 1975), (Defresne et al. 2026a)
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Y Pseudo-likelihood takes the solver out of the loop

» A CFN defines a probability: P(y) o< exp(—cost(y))
> Exact likelihood: needs the normalising constant Z #P-hard

NPLL= — 3N logP(f [¥4)  P(Yi|y—i) = softmax( STNW) Yy, )
4 i

J#

(Besag 1975), (Defresne et al. 2026a)
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Y Pseudo-likelihood takes the solver out of the loop

» A CFN defines a probability: P(y) o< exp(—cost(y))
> Exact likelihood: needs the normalising constant Z #P-hard
» Pseudo-likelihood (Besag, 1975): predict one variable only, the others being observed

NPLL= — 3N logP(f [¥4)  P(Yi|y—i) = softmax( STNW) Yy, )
4 i

J#

(Besag 1975), (Defresne et al. 2026a)
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Y Pseudo-likelihood takes the solver out of the loop

» A CFN defines a probability: P(y) o< exp(—cost(y))
> Exact likelihood: needs the normalising constant Z #P-hard
» Pseudo-likelihood (Besag, 1975): predict one variable only, the others being observed

NPLL= — 3N logP(f [¥4)  P(Yi|y—i) = softmax( STNW) Yy, )
y4 i

J#

» A local computation: a sum over the neighbours, then a softmax — no solver call

> Cost O(n?d) per example, vectorisable; statistically consistent

(Besag 1975), (Defresne et al. 2026a)
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Y But pseudo-likelihood does not learn all the rules

» Sudoku: to recover one hidden cell, the
row constraints are enough

the row alone is enough to guess
the masked cell

(Montanari et al. 2009), (Defresne et al. 2026a)
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Y But pseudo-likelihood does not learn all the rules

» Sudoku: to recover one hidden cell, the
row constraints are enough

» The gradient of the column and box ?
constraints vanishes: they are redundant in
that context

the row alone is enough to guess
the masked cell

(Montanari et al. 2009), (Defresne et al. 2026a)
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Y But pseudo-likelihood does not learn all the rules

» Sudoku: to recover one hidden cell, the
row constraints are enough

» The gradient of the column and box ?
constraints vanishes: they are redundant in
that context

» But at inference time, all the rules are
needed!

the row alone is enough to guess
the masked cell

(Montanari et al. 2009), (Defresne et al. 2026a)
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Y But pseudo-likelihood does not learn all the rules

» Sudoku: to recover one hidden cell, the
row constraints are enough

» The gradient of the column and box ?
constraints vanishes: they are redundant in
that context

» But at inference time, all the rules are
needed!

> Result: 0% of grids solved the row alone is enough to guess
the masked cell

(Montanari et al. 2009), (Defresne et al. 2026a)
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» The Emmental: punching holes to force learning

» The idea: also mask k random neighbours,
every time

k extra cells ignored
(in grey) at each step

(Defresne et al. 2026a)
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» The Emmental: punching holes to force learning

» The idea: also mask k random neighbours,
every time

» Without the row, the column and the box ?
are needed to guess: the gradient is back

k extra cells ignored
(in grey) at each step

(Defresne et al. 2026a)
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» The Emmental: punching holes to force learning

» The idea: also mask k random neighbours,
every time

» Without the row, the column and the box ?
are needed to guess: the gradient is back

» E-PLL (Emmental pseudo-log-likelihood): k
random holes

k extra cells ignored
(in grey) at each step

(Defresne et al. 2026a)
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» The Emmental: punching holes to force learning

» The idea: also mask k random neighbours,
every time

» Without the row, the column and the box ?
are needed to guess: the gradient is back

» E-PLL (Emmental pseudo-log-likelihood): k
random holes

» Inspired by dropout; robust to k (except .
k=0ork~n) k extra cells ignored

(in grey) at each step

(Defresne et al. 2026a)

OABCD\EGcHreason p.55



Y 100 grids are enough for a perfect Sudoku

Type Approach Acc. #clues Training Time (h)
DL RRN 96.6 % 17 180,000 > 50
Rec. Trans. 96.7 % 17 180,000 > 50
DDPM 99.2-100%  33.8 100,000 13.6
DDPM 0.2% 17 - -
HRM 55% 248 1,000 x 1,001 > 10
Relax. + DL SATNet 95.1-99.8 % 36.2 9,000 2.9
SATNet 86.1-86.2 % 17 - -
Reason. + DL Hinge (embedded solver) 100 % 17 1,000 > 50
E-PLL 100 % 17 100 0.05
E-PLL 100 % 24.8 10 x 100 0.04

Fewer clues = harder. 17 is the minimum for a unique solution.

DI @

H

reason

Figure: (Defresne et al. 2026a), Tab. 2
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) The learned rules can be read

values of variable 7

1 2 3 45 6 7 8 9

» The learned model is a cost table, not a S
ol2]0 c 0 0 0 0 0 0 0

blach bOX —E 30 0 ~ 0 0 0 0 0 0

'% 410 0 0« 0 0 0 0 0

34500 0 0 0 0 0 0 0

°lefo 0 0 0 0 0 0 0

21710 0 0 0 0 0 « 0 0

Slsfo 00 0 0 0 0 x 0

9lo 0 0 0 0 0 0 0

one learned rule: oo costs on the diagonal

Figure: (Defresne et al. 2026a), Fig. 3
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) The learned rules can be read

values of variable 7

1 2 3 45 6 7 8 9
. 1 C o 0 0 0 0 0 0 O

» The learned model is a cost table, not a = N
o) 2 0 oo 0O 0O O 0 O 0 0
black box 2130 00 0 0 0 0 00
. . Z14]0 0 0 < 0 0 0 0 0

. o]

> After hardening: exactly the 810 binary Elelo o0 0 %0000
constraints of Sudoku, no more, no less °lefo 0 000 =0 00
21710 0 0 0 0 0 x 0 0
§ 8]0 0 0 0 0 0 0 ~ 0
9 o 0 0 0 0 0 0 0 o~

one learned rule: oo costs on the diagonal

Figure: (Defresne et al. 2026a), Fig. 3
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) The learned rules can be read

values of variable 7

1 2 3 45 6 7 8 9
. 1 s o 0 0 0 0 0 0 O
» The learned model is a cost table, not a = N
o) 2 0 oo 0O 0O O 0 O 0 0
black box 2130 00 0 0 0 0 00
. . Z14]0 0 0 < 0 0 0 0 0
. o]

> After hardening: exactly the 810 binary Elelo o0 0 %0000
constraints of Sudoku, no more, no less °lefo 0 000 =0 00
3 000 0 0 0 0 o 0 0

» So the 100 % observed on the test set 2|7 N
. S 8 0o 0 0 0 0 0 0 o~ 0
extends to every grid 9\0 000 00 0 0

one learned rule: oo costs on the diagonal

Figure: (Defresne et al. 2026a), Fig. 3
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Y Raw inputs and missing data: visual Sudoku

g |7
: gt 3 2 / 2|3 > Learning at the same time to read the digits and to play
NN > “Ungrounded” version: no label at all for the digits (no data

I7 J leakage)

‘2 a ; Approach MNIST acc. Perception Solved Time (h)

3 =g 'é 25 Rec. Trans. 99.4% 74.8% 59.0-75.6 % 5.1
3 : Q NeSy Prog.  99.6-99.7%  90.7-93.1%  92.2-94.4% 4.7

E-PLL 98.8% 69.3-72.9%  92.1-93.4% 3.2

clues = MNIST images

Worse perception, yet the solver fixes 20 % of the misread grids.

Figure: (Defresne et al. 2026a), Tab. 3
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» EffieDes recovers natural sequences better

Expressivity —

Score

AR

PSSM

COORD.TERMinator  Effie-PLL Effie-EPLL
403 424 45.1 48.4
StructTrans GVP ProteinMPNN
36.4 40.2 45.9
PiFold
51.6
35.0 375 40.0 42.5 45.0 47.5 50.0 52.5

Native Sequence Recovery (%)

learn 0 A B C

)1 @ (

> NSR (native sequence recovery): % of
positions identical to the natural
sequence

» Effie (E-PLL): 48.4 %; ProteinMPNN:
45.9 %

Figure: (Defresne et al. 2026b), Fig. 2d
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» EffieDes recovers natural sequences better

Expressivity —

Score

AR

PSSM

COORD.TERMinator  Effie-PLL Effie-EPLL
Goiglis) B g > NSR (native sequence recovery): % of
positions identical to the natural
sequence
Stgtmns 22 FroteeliPiN > Effie (E-PLL): 48.4 %; ProteinMPNN:
36.4 40.2 45.9 459 %
» Small proteins: Effie 33.0 % against
Rosetta 17.9 %
PiFold
51.6
35.0 37.5 40.0 42.5 45.0 47.5 50.0 52.5

Native Sequence Recovery (%)

learn 0 A B

Figure: (Defresne et al. 2026b), Fig. 2d
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» EffieDes recovers natural sequences better

COORD.TERMinator  Effie-PLL Effie-EPLL

Score Goiglis) B g > NSR (native sequence recovery): % of
positions identical to the natural
sequence

Stgtmns 22 FroteeliPiN > Effie (E-PLL): 48.4 %; ProteinMPNN:

AR 36.4 40.2 459 459 %

Expressivity —

» Small proteins: Effie 33.0 % against
Rosetta 17.9 %

> PiFold (51.6 %) predicts position by
position: no constraints possible

PiFold

PSSM 51.6

35.0 37.5 40.0 42.5 45.0 47.5 50.0 52.5
Native Sequence Recovery (%)

Figure: (Defresne et al. 2026b), Fig. 2d
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Y Adding constraints without retraining: 5 to 7 amino acids

h ESMFold 7 @Minoacids  aipnarold
75! i 75
E70 ‘a 65 .
Jes ss| o
> DPBB barrel (core of RNA N a5 B
. 0.6 (;’74 sc%?e 0.9 03 0419’.4553‘)?!0.7 0.8
polymerase), symmetric o catun St s
> Constraint: at mostk € {7,6,5} N % o L
amino acid types (unconstrained g, i e
optimum: 12) . syt
06 07 08 09 03 04 05 06
T™ score TM score
. ESMFold 5 aminoaclds  iphaFold
el |
70 .’ es! W AR .
2ol ¥ s il

501 : as| . .
05 06 07 08 09 02 03 04 05 06
T™ score TM score
pLDDT (confidence) vs TM-score (agreement with the target)
Figure: (Defresne et al. 2026b), Fig. 2h (panels restacked); (Yagi et al. 2021)
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Y Adding constraints without retraining: 5 to 7 amino acids

h ESMFold 7 @Minoacids  aipnarold
75| i | 75
70 Ei 65 .

» DPBB barrel (core of RNA © U=
polymerase), symmetric

T™ score

ESMFold “’“"‘"7;"“5 AlphaFold

80
> Constraint: at mostk € {7,6,5} . alal L. -
amino acid types (unconstrained 2 A . L
optimum: 12 as b
P ) "o o7 o8 09 03 n:: 05 06
» No known natural protein is like g B e
80 75

this: no data to retrain on s
..’ ss! " }s.-,q:.~

60 ‘Y| ss

50 : a5 P
05 06 07 08 09 02 03 04 05 06
™ score ™ score

pLDDT (confidence) vs TM-score (agreement with the target)

Figure: (Defresne et al. 2026b), Fig. 2h (panels restacked); (Yagi et al. 2021)
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Y Adding constraints without retraining: 5 to 7 amino acids

h ESMFold 7 @Minoacids  aipnarold
2 i | 75 .
70 Ei 65 . e

» DPBB barrel (core of RNA © U=
polymerase), symmetric

T™ score

ESMFold “’“"“’7:"“5 AlphaFold

80
> Constraint: at mostk € {7,6,5} P
. . . 570 n : Sy
amino acid types (unconstrained g, i K
optimum: 12) ) ol B
s O iscare 0% wsoe *°
» No known natural protein is like ey S et
80 75
this: no data to retrain on el 2 4
._70 1 65 . . 9%
» ESMFold: TM-score close to 1 for S

k=7

50 : a5 P
05 06 07 08 09 02 03 04 05 06
™ score ™ score

pLDDT (confidence) vs TM-score (agreement with the target)

Figure: (Defresne et al. 2026b), Fig. 2h (panels restacked); (Yagi et al. 2021)
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) Demo — these constraints, live, in a few seconds

# a Boolean wvariable "this type ts used”
for aa in range(20):

problem.AddVariable(f"used {aa}", [0, 1]) maxk  optimal score  types  solutions
for i in range(nb_var): #xi = aa => used =1
problem.AddFunction([i, nb_var + aal, pairs) 20 —434.95 11 1
7 —423.92 7 1,401
: 6 —418.63 6 38
# at most maz_type different types
- ! - 5 —405.72 5 59

problem.AddGeneralizedLinearConstraint (
[(nb_var + aa, 1, 1) for aa in range(20)],
"<=", max_type) Each row: under 7 s, proved optimum, exhaustive
enumeration within 3 units of that row’s optimum.

Extract from Design-RNAP. py (EffieDes repository), plus the order-2

symmetry.

Code and data: github.com/effiedes/EffieDes — (Defresne et al. 2026b)
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github.com/effiedes/EffieDes

Y Designing against: pairs that assemble with each other

» Bacterial hexamer (BMC-H): obtain AB,
avoid AA and BB (multi-state design)

c > 100 % of EffieDes pairs favour AB

TES
&

EffieDes ProteinMPNN o
100 (ProteinMPNN: ~85 %)

g
& 50
u

il

Al |
SIETEEASOOTO BT NSO IR PSS O0s
&

Figure: (Defresne et al. 2026b), Fig. 3a,c
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Designing against: pairs that assemble with each other

EffieDes ProteinMPNN

learn 0 A B

» Bacterial hexamer (BMC-H): obtain AB,
avoid AA and BB (multi-state design)

> 100 % of EffieDes pairs favour AB
(ProteinMPNN: ~85 %)

> Laboratory: 12/14 EffieDes pairs assemble
(86 %) against 2/10 for ProteinMPNN (20 %)

Figure: (Defresne et al. 2026b), Fig. 3a,c
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Designing against: pairs that assemble with each other

EffieDes

ProteinMPNN

learn 0

» Bacterial hexamer (BMC-H): obtain AB,
avoid AA and BB (multi-state design)

> 100 % of EffieDes pairs favour AB
(ProteinMPNN: ~85 %)

> Laboratory: 12/14 EffieDes pairs assemble
(86 %) against 2/10 for ProteinMPNN (20 %)

» 6/14 exceed 50 % of the natural control;
none for ProteinMPNN

Figure: (Defresne et al. 2026b), Fig. 3a,c
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> Asingle-domain antibody designed on a new backbone

» Target: a viral surface domain that the starting
antibody no longer recognises

> Loop backbones generated by diffusion, then
sequences designed

Figure: (Defresne et al. 2026b), Fig. 4a-b
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> Asingle-domain antibody designed on a new backbone

» Target: a viral surface domain that the starting
antibody no longer recognises

> Loop backbones generated by diffusion, then
sequences designed

> Of 9 candidates tested, the only functional one
comes from EffieDes

Figure: (Defresne et al. 2026b), Fig. 4a-b
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> Asingle-domain antibody designed on a new backbone

» Target: a viral surface domain that the starting
antibody no longer recognises

> Loop backbones generated by diffusion, then
sequences designed

> Of 9 candidates tested, the only functional one
comes from EffieDes

> Measured affinity: Kp = 64 nM, selective for the
intended target

Figure: (Defresne et al. 2026b), Fig. 4a-b
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» What exactness brings to the biologist

Without guarantees With an exact solver
> “here are 5,000 sampled sequences” > “here is the best sequence, and it is
proved”

> constraints satisfied on average
> to change objective: retrain > constraints always satisfied

> diversity = re-run the sampling > anew objective: one line of model

> guaranteed diversity: every sequence at
least k mutations from the others

The learned model remains inspectable: scores can be read, corrected, combined.

(Ruffini et al. 2021), (Defresne et al. 2026b)
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Y From symbolic to neural, and the LLMs

Symbolic — neural LLM + solver
> Logical knowledge becomes a loss term » The language model translates the
(semantic loss) statement into a formal model; the solver
> DeepProblLog, NeurASP: the network decides (Logic-LM)
perceives, the logic program reasons » Or it proposes programs, which are

evaluated and selected (FunSearch)

As with Effie, the same division of labour: perceive and propose [ verify and optimise.

(Manhaeve et al. 2018), (Yang et al. 2020), (Pan et al. 2023), (Romera-Paredes et al. 2024)
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Y From symbolic to neural, and the LLMs

Symbolic — neural LLM + solver
> Logical knowledge becomes a loss term » The language model translates the
(semantic loss) statement into a formal model; the solver
> DeepProblLog, NeurASP: the network decides (Logic-LM)
perceives, the logic program reasons » Or it proposes programs, which are
> Effie too: give it the constraints and it evaluated and selected (FunSearch)

uses them to train the network

As with Effie, the same division of labour: perceive and propose [ verify and optimise.

(Manhaeve et al. 2018), (Yang et al. 2020), (Pan et al. 2023), (Romera-Paredes et al. 2024)
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Y From symbolic to neural, and the LLMs

Symbolic — neural LLM + solver
> Logical knowledge becomes a loss term » The language model translates the
(semantic loss) statement into a formal model; the solver
> DeepProblLog, NeurASP: the network decides (Logic-LM)
perceives, the logic program reasons » Or it proposes programs, which are
> Effie too: give it the constraints and it evaluated and selected (FunSearch)
uses them to train the network > LLMs alone fail on Sudoku, pathfinding,
> Useful when the rules are known and the planning

data scarce

As with Effie, the same division of labour: perceive and propose [ verify and optimise.

(Manhaeve et al. 2018), (Yang et al. 2020), (Pan et al. 2023), (Romera-Paredes et al. 2024)
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> GC.Why believe a solver’s answer?

» Asolveris a large piece of software

learn

» Proof certificates
» Atheorem proved by computer
Can we learn and guarantee? > Lean, and the LLMs that prove
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Y The paradox: trusting a very complex piece of software

solver
» A SAT solver: hundreds of thousands of { i }
300,000 lines of C++
highly optimised lines

Y

“no solution”

...to be taken on trust?
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Y The paradox: trusting a very complex piece of software

» A SAT solver: hundreds of thousands of

solver
highly optimised lines

300,000 lines of C++

> “Satisfiable” is easy to check: just test the \/
solution “solution: ...” | checkable

“no solution”

...to be taken on trust?
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Y The paradox: trusting a very complex piece of software

» A SAT solver: hundreds of thousands of
highly optimised lines

> “Satisfiable” is easy to check: just test the
solution

> But “unsatisfiable”, or “this is the
optimum”? Nothing to show...

» A bug there would be silent

learn 0 A B C D

solver
300,000 lines of C++

Y

-\
[“no solution” ;

...to be taken on trust?

reason



) The answer: demand a certificate

solver certificate checker
vall
complex, fast proof trace simple, reviewed

» The DRAT format for SAT: the sequence of learned clauses, each one checkable

(Cruz-Filipe et al. 2019)
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solver certificate checker
vall
complex, fast proof trace simple, reviewed

» The DRAT format for SAT: the sequence of learned clauses, each one checkable

» We no longer trust the solver, but a checker of a few thousand lines

» Some checkers are themselves proved correct (in Coq, in ACL2)

(Cruz-Filipe et al. 2019)
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) The answer: demand a certificate

solver certificate checker
vall
complex, fast proof trace simple, reviewed

» The DRAT format for SAT: the sequence of learned clauses, each one checkable

» We no longer trust the solver, but a checker of a few thousand lines
» Some checkers are themselves proved correct (in Coq, in ACL2)

» Standard in SAT competitions: no certificate, no points

(Cruz-Filipe et al. 2019)
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> Atheorem whose proof weighs 200 terabytes

» Question (Graham): can the integers be
coloured with two colours so that no triple
a? + b? = c? is monochromatic? DOV E
3442 =52

the three must
avoid a single colour

(Heule et al. 2016), (Cruz-Filipe et al. 2019)
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> Atheorem whose proof weighs 200 terabytes

» Question (Graham): can the integers be
coloured with two colours so that no triple

a? + b? = c? is monochromatic? DO DO © €
. 32 442 = 52
> Answer: yes up to 7,824, no from 7,825 on st

avoid a single colour

(Heule et al. 2016), (Cruz-Filipe et al. 2019)

E F o H reason p. 69
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» Question (Graham): can the integers be
coloured with two colours so that no triple

a? + b? = ¢2 is monochromatic? 12 (3 4 (5 6 (7
> Answer: yes up to 7,824, no from 7,825 on fheth;leer:njst
> SAT, 800 cores, 2 days; a DRAT certificate aveld a single colour

of ~200 TB

(Heule et al. 2016), (Cruz-Filipe et al. 2019)
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> Atheorem whose proof weighs 200 terabytes

» Question (Graham): can the integers be
coloured with two colours so that no triple
a® + b? = ¢? is monochromatic?

> Answer: yes up to 7,824, no from 7,825 on

> SAT, 800 cores, 2 days; a DRAT certificate
of ~200TB

» Then checked by a certified checker

32 442 =52
the three must
avoid a single colour

(Heule et al. 2016), (Cruz-Filipe et al. 2019)
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) Lean: a small trusted kernel

> A proof assistant: the human writes the proof,

the machine checks it
theorem add_comm' (a b : Nat) :
> Every proof is reduced to a tiny kernel that a a+b=b+a :=by
human can review induction b with
| zero => simp
| succ n ih => omega

(Moura et al. 2021)
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) Lean: a small trusted kernel

> A proof assistant: the human writes the proof,
the machine checks it

> Every proof is reduced to a tiny kernel that a
human can review

» Mathlib: hundreds of thousands of formalised
theorems

learn 0 A B C D
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induction b with
| zero => simp
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) Lean: a small trusted kernel

> A proof assistant: the human writes the proof,
the machine checks it

> Every proof is reduced to a tiny kernel that a
human can review

» Mathlib: hundreds of thousands of formalised
theorems

> Also used to verify software

learn 0 A B C D

theorem add_comm' (a b : Nat) :

a+b=Db+a:=by
induction b with
| zero => simp
| succ n ih => omega

F o H reason

(Moura et al. 2021)

p-70



) LLMs and proof assistants: propose, then verify

» An LLM writes candidate proofs in Lean; candidate proof
Lean accepts or rejects —

LM

~_

accept | reject

the LLM is allowed to be wrong:
the checker does not lie

(Hubert et al. 2025)
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» An LLM writes candidate proofs in Lean; candidate proof
Lean accepts or rejects =
> Rejection is a reliable, automatic, free [LLM :‘

earnlng Slgna accept | reject

the LLM is allowed to be wrong:
the checker does not lie

(Hubert et al. 2025)
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) LLMs and proof assistants: propose, then verify

» An LLM writes candidate proofs in Lean; candidate proof
Lean accepts or rejects —

> Rejection is a reliable, automatic, free [LLM :‘

earnlng Slgna accept | reject

» AlphaProof: silver-medal level at the
2024 International Mathematical
Olympiad

the LLM is allowed to be wrong:
the checker does not lie

(Hubert et al. 2025)
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» What the guarantees cover — and what they do not

Guaranteed Not guaranteed
» The solution is optimal for the model » That the model describes reality
> The constraints posted are satisfied, all of » That the network learned well (biased
them, always data, out of distribution)
> “There is no solution” is a certainty > That the protein really folds: only the

bench can say

B approximation guarantee : :
reality ---------> > learned model [optlmal solutlon]
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Y Anexplicit model also means reproducibility

» The model (a CFN, an ASP program, an SMT formula) is a file: shareable, versionable,
readable

Code and data for Effie and EffieDes: public repositories given in the papers.

(Defresne et al. 2026a), (Defresne et al. 2026b)
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> One instance, two different solvers, the same optimum: cross-checking

Code and data for Effie and EffieDes: public repositories given in the papers.
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Y Anexplicit model also means reproducibility

» The model (a CFN, an ASP program, an SMT formula) is a file: shareable, versionable,
readable

> One instance, two different solvers, the same optimum: cross-checking
» The certificate (part G) makes the answer checkable by a third party
» Compare with: “l sampled 5,000 sequences with model X, version Y, seed Z”

Code and data for Effie and EffieDes: public repositories given in the papers.

(Defresne et al. 2026a), (Defresne et al. 2026b)
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» Two bridges: towards ethics, and towards knowledge graphs

Ethics day Tomorrow: knowledge graphs
> An explicit constraint is auditable: it can > Same principle: explicit representation +
be read, discussed, contested inference
> A preference buried in weights is not > Description logics: decidable fragments,
> But: who chooses the constraints? And dedicated reasoners
what is not modelled is not protected > Ashared question: where does the
knowledge come from? Experts, or
learned?

The “explicit knowledge [ learned knowledge” tension runs through both days.
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> Three take-home messages

1 Model, then solve is a method, not an old memory.
Many research problems can be written in a few dozen declarative lines, and a generic solver
handles them.

2 NP-hard is not a refusal.
It is a worst-case property. Try a solver on your instances before concluding.

3 Neuro-symbolic Al is a division of labour.
The network perceives and proposes; the solver verifies and optimises. We keep learning from

raw data and the guarantees.

E F G 0 reason



» Coing further

Handbooks
» Handbook of Satisfiability, 2nd ed.
» Handbook of Constraint Programming

> Cooper et al., Graphical Models (discrete
graphical models)

> Baader et al., Introduction to Description
Logic
Neuro-symbolic surveys
» Kautz 2022; Garcez & Lamb 2023
> Marra et al. 2024; Bhuyan et al. 2024

learn 0 A B

Tools (open source)

> toulbar2 — weighted constraints, CFN
Z3, cvech — SMT
clingo — ASP
OR-Tools, MiniZinc — constraints
HiGHS, SCIP — MILP
Lean + Mathlib — proof

ProbLog, Scallop, NeurASP —
neuro-symbolic

vVvyVvyvVvyyvYyy

» PySDD, PyJuice — compilation, circuits
This course
» Backup slides: a separate PDF

(Biere et al. 2021), (Rossi et al. 2006), (Cooper et al. 2020), (Baader et al. 2017)
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Y Thank you — questions

= ‘

Learn and guarantee:
the network perceives and proposes,
the solver verifies and optimises.

thomas.schiex@inrae.fr — INRAE, MIAT & ANITI, Toulouse

Work presented: M. Defresne, D. Dessaux, R. Gambardella, S. Buchet, S. de Givry, V. Durante, S. Barbe
and the whole of the MIAT (INRAE) and TBI (INSA Toulouse) teams
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